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a b s t r a c t
In this note, we use a technique introduced by Dankelmann and Entringer [P. Dankelmann,
R.C. Entringer, Average distance, minimum degree and spanning trees, J. Graph Theory 33
(2000) 1–13] to obtain a strengthening of an old classical theorem by Erdős, Pach, Pollack
and Tuza [P. Erdős, J. Pach, R. Pollack, Z. Tuza, Radius, diameter, and minimum degree, J.
Combin. Theory B 47 (1989) 73–79] on diameter and minimum degree. To be precise, we
will prove that ifG is a connected graph of order n andminimumdegree δ, then its diameter
does not exceed
3(n− t)
δ + 1 + O(1),
where t is thenumber of distinct termsof the degree sequence ofG. The featuredparameter,
t , is attractive in nature and promising; more discoveries on it in relation to other graph
parameters are envisaged.
© 2011 Elsevier Ltd. All rights reserved.
1. Introduction
Let G = (V , E) be a finite connected graph with vertex set V and edge set E. The distance dG(u, v) between two vertices
u, v of G is the length of a shortest u–v path in G. The diameter diam(G) of G is defined as the maximum distance dG(u, v)
over all pairs of vertices u and v in G, i.e., diam(G) = maxu,v∈V dG(u, v). The degree degG(v) of a vertex v of G is the number of
vertices adjacent to v. We denote by δ and∆ the minimum and maximum degrees of vertices of G, respectively. The degree
sequence DS(G) of G is a sequence of degrees of vertices of G. The degree sequence of a graph is one of the oldest notions in
graph theory. Its applications are legion; they range from computing science to real-world networks such as social contact
networks where degree distributions play an important role in the analysis of the network. The diameter, on the other hand,
apart from being an interesting graph-theoretical parameter, plays a significant role in analysing communication networks
(see, for example, [1]). In such networks, the time delay or signal disgradation for sending a message from one point to
another is often proportional to the distance between the two points. The diameter can be used to indicate the worst-case
performance.
Several upper bounds on the diameter in terms of other graph parameters inferred from its degree sequence, for example,
order andminimum degree [2], order and size [3,4] and order and inverse degree [5–7], have been investigated. A parameter
which appears to have gone unnoticed and yet can be inferred from the degree sequence of a graph is the number of distinct
terms in the degree sequence.We propose to call this parameter, i.e., the number of distinct terms in the degree sequence of
G, the irregularity index of G. We will denote it by t = t(G). For example, t(G) = 5 for the graph G in Fig. 1. Further t(G) = 1
for any regular graph G; a regular graph being a graph in which all vertices have the same degree.
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Fig. 1. DS(G) = 5, 4, 4, 3, 3, 2, 1; hence t(G) = 5.
A graph that is not regular is called irregular [8]. The ‘‘irregularity index’’ t(G) is therefore expected to answer the
question: How irregular, or how unequal are the vertex degrees of a given graph G?
However, in this note, our task, apart from defining the new parameter, is not to find best fitting terminology, or an
appropriate name, for the new parameter, but to present an upper bound on the diameter of a graph in terms of order,
minimum degree and the irregularity index, i.e., the number of distinct terms in the graph’s degree sequence. We remark
here that for purposes of comparing irregularity between graphs of different orders, the irregularity index can be normalized
in the obvious way of division by n− 1, where n is the order of the graph.
2. Results
In this note, the notation that we use is as follows. Let S be a subset of V (G). We denote the subgraph of G induced
by S by G[S]. The distance between a vertex u and S is defined as minv∈S dG(u, v) and is denoted by dG(u, S). The closed
neigbourhood of a vertex u of G is the set {x ∈ V : dG(x, u) ≤ 1} and is denoted by NG[u]. The closed neigbourhood, NG[S],
of S is the set ∪u∈S NG[u]. Where there is no danger of confusion, we will drop the subscript G. A 2-packing of G is a subset
A ⊆ V with dG(u, v) > 2 for all u, v ∈ A. The kth power of G, denoted by Gk, is the graph with vertex set V (G), in which two
distinct vertices u and v are adjacent if dG(u, v) ≤ k.
We begin by presenting a very elementary, but handy, bound on the diameter.
Proposition. Let G be a connected graph of order n. The diameter of G satisfies the inequality
diam(G) ≤ n− t + 1,
where t is the irregularity index of G. Moreover, this inequality is sharp.
Proof. Since every vertex can be adjacent to at most three vertices of a diametral path, we have that∆ ≤ n− diam(G)+ 1.
Clearly, t ≤ ∆. It follows that t ≤ n− diam(G)+ 1 from which the inequality is deduced. It is an easy exercise to construct
graphs attaining the bound. 
Erdős et al. [2], in their 1989 classical paper, proved the bound
diam(G) ≤ 3n
δ + 1 − 1, (1)
on diameter in terms of order and minimum degree. In the following theorem, by employing a technique whose flavour is
similar to that of an argument introduced by Dankemann and Entringer [9], we prove a bound which is stronger than (1) if
the irregularity index is prescribed.
Theorem 1. Let G be a connected graph of order n, minimum degree δ and diameter d, d ≠ 3, 4. Then the inequality
d ≤ 3(n− t)
δ + 1 − 1+
3
δ + 1 , (2)
where t is the irregularity index of G, holds. Moreover, this inequality is essentially tight.
Proof. Since DS(G) has t distinct terms, let {v1, v2, . . . , vt} be a set of t vertices such that deg(v1) < deg(v2) < · · · <
deg(vt). Then
|N[vt ]| ≥ δ + t. (3)
For d ≤ 2, the inequality (2) follows from the fact that by (3), n ≥ δ+ t . Now assume that d ≥ 5, and let u and v be vertices
in G such that dG(u, v) = d. Since d ≥ 5, assume without loss of generality that dG(vt , u) ≥ 3. We find a maximal 2-packing
A of G using the following procedure: Let A = {vt , u}. If there exists a vertex x in Gwith d(x, A) = 3, add x to A. Add vertices
xwith d(x, A) = 3 to A until each of the vertices not in A are within distance 2 of A.
Claim 1. |A| ≤ n−t+1
δ+1 .
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Fig. 2. Graphs with diameter 4 or 3.
Proof of Claim 1. Note that for any two vertices x, y ∈ A,N[x] ∩ N[y] = ∅. This, together with (3), gives
n ≥ |∪x∈A N[x]|








= δ + t + (|A| − 1)(δ + 1)
= t − 1+ |A|(δ + 1),
from which the claim follows upon rearranging the terms.
Let T1 be the forest with vertex set N[A] and whose edge set consists of all edges incident with a vertex in A. By our
construction of A, there exist |A| − 1 edges in G, each of them joining two neighbours of distinct elements of A whose
addition to the forest T1 gives a tree T2 ≤ G.
Every vertex x not in T2 is adjacent to some vertex x′ in T2. Let T be a spanning tree of G with edge set E(T2) ∪ {xx′ | x ∈
V (G)− V (T2)}.
By our construction, T 3[A] is connected and diam(T 3[A]) ≤ |A| − 1. Hence diam(T [A]) ≤ 3(|A| − 1).
Since v is within distance 2 of A, let v′ be a vertex in A for which dT (v, v′) ≤ 2. Then since u is in A,
dT (u, v) ≤ dT (u, v′)+ dT (v′, v)
≤ diam(T [A])+ 2
≤ 3(|A| − 1)+ 2
= 3|A| − 1.
This, in conjunction with Claim 1, yields
dT (u, v) ≤ 3

n− t + 1
δ + 1

− 1 = 3(n− t)
δ + 1 − 1+
3
δ + 1 .
Because T is a spanning tree of G, we have
d = dG(u, v) ≤ dT (u, v) ≤ 3(n− t)
δ + 1 − 1+
3
δ + 1 ,
as desired. A modification of the extremal graphs provided in [2] shows that the bound, apart from the value of an additive
constant, is tight. 
For graphs of diameter 3 or 4 the bound, (2), given in the previous theorem, does not hold in general. See, for example,
Fig. 2.
For such graphs, we state the following bound which follows from the fact that by (3), n ≥ δ + t .
Theorem 2. Let G be a connected graph of order n, minimum degree δ, and diameter d, d = 3 or 4. Then the inequality
d ≤ 3(n− t)
δ + 1 + 1+
3
δ + 1 ,
where t is the irregularity index of G, holds. Moreover, this inequality is essentially tight.
Proof. A generalization of the graphs provided in Fig. 2 shows that the bound, apart from the value of an additive constant,
is tight. 
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